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Abstract 

Spontaneous emission of a photon by an atom is described theoretically in three dimensions with 
the initial wave function of a finite- mass atom taken in the form of a finite-size wave packet. Recoil 
and wave-packet spreading are taken into account. The total atom-photon wave function is found 
in the momentum and coordinate representations as the solution of an initial-value problem. The 
atom-photon entanglement arising in such a process is shown to be closely related to the structure 
of atom and photon wave packets which can be measured in the coincidence and single-particle 
schemes of measurements. Two predicted effects, arising under the conditions of high entangle- 
ment, are anomalous narrowing of the coincidence wave packets and, under different conditions, 
anomalous broadening of the single-particle wave packets. Fundamental symmetry relations be- 
tween the photon and atom single-particle and coincidence wave packet widths are established. 
The relationship with the famous scenario of Einstein-Podolsky-Rosen is discussed. 

PACS numbers: 03.67.Hk, 03.65.Ud, 39.20.+q 
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I. INTRODUCTION 



Beginning with the famous original derivation of natural linewidth by Weisskopf and 
Wigner 0], spontaneous emission of atoms has been considered traditionally, explicitly or 
not, in the approximations of an infinitely heavy atom and an infinitely narrow center-of- 
mass wave function. Rigorously, neither of these approximations is ever correct. In a more 
realistic formulation, for a finite-mass atom and a finite-size center-of-mass atomic wave func- 
tion. the p..„b.e,„ of spontaneous emission was cons.de.ed by R.,.ewsU, and ZaUow.c. Q. 
Chan et al. 0] showed that such a formulation gives rise to questions about photon-atom 
entanglement after emission. They investigated this in one space dimension in the frame of 
Schmidt mode analysis . Atomic and photon position-dependent Schmidt eigenfunc- 

tions were found numerically and the conditions under which entanglement is large were 
determined. 

In this work we continue investigation of this problem. Its solution is a bridge between two 
quite different regimes of two-particle entanglement. These two regimes are both concerned 
with entanglement arising from the breakup of a composite object into two "fragments" 
that are free to move away from the breakup point, and in the ideal case are constrained 
only by momentum and energy conservation. One regime deals with zero-mass particles (two 
photons), and here the most common context is spontaneous parametric down-conversion M, 
a a y y y Q . T.. second ..eg,n.e treats two «nite-n,ass f— s: e.eet.on and 
ion in photoionization ^|, two atoms in molecular dissociation 14. 115I. Ilfil . Q|, or even 
electron and positron in pair production jisj l . Two-particle scattering provides another view 

2l|. The regime where one fragment is a photon and the 



of breakup entanglement [19|, |2 



other is massive raises issues that deserve separate attention. 

In contrast to the approach taken in Refs. we consider this bridging regime in a 

more realistic 3D picture. We obtain the entangled position-dependent atom-photon wave 
function as the solution of an initial-value problem. Atomic recoil is taken into account 
and the initial atomic wave function is taken in the form of a finite-size wave packet. We 
investigate the structure of the photon and atomic wave packets that arise after emission of 
a photon. In analogy with our treatment of entanglement in photoionization and photodis- 
sociation Q], we focus on experimentally accessible quantities. We introduce the parameter 
R given by the ratio of the positional wave packet widths to be measured singly or in co- 
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incidence, thus incorporating both conditioned and unconditioned schemes of registration. 
Spreading of the atomic wave packet is shown to play a crucial role for the time evolution 
of the ratio R. Two specific predicted effects are entanglement-induced narrowing of the 
coincidence-scheme photon wave packet and, under different conditions, a large broadening 
of the photon wave packet to be found from the single-particle measurements. We note that 
coincidence or conditional detection in regard to entanglement was first carefully examined 
by Reid in the context of photonic squeezed states. In that case one can define artificial 
position and momentum variables using the photonic a and a) operators, but there is not a 
simple analog of wave packet spreading, which is our focus here. 

In the next Section the general problem of the position-dependent photon wave function 
is briefly discussed. In Section III we outline the solution of the problem of spontaneous 
emission from a finite- mass atom, characterized by a finite-size center-of-mass wave packet. 
In Section IV we formulate a series of approximations that are used to find an explicit ex- 
pression for the photon-atom wave function in the coordinate representation, and in section 
V its entanglement features are analyzed. In Section VI we investigate the wave packet 
structure in the coordinate representation. In Section VII we introduce the main parameter 
R and show that R ^ 1 characterizes the regions where an anomalously narrow or wide 
wave packet can be found. Wave packets in the momentum representation are analyzed in 
Section VIII, and a series of symmetry relations between the wave packet widths is derived. 
In Section IX we establish uncertainty relations following from the high entanglement con- 
dition. One of them is the coincidence uncertainty relation which is shown to restrict the 



products of the particle's coordinate and momentum uncertainties to be 
h). The relationship with the famous Einstein- Podolsky- Rosen scenario 
Experimental aspects are discussed briefly in Section X. 



ess than one (or 
2311 is described. 



II. POSITION-DEPENDENT PHOTON WAVE FUNCTION 



Although one can find examples 



of a very strongly formulated opinion that the 
position- dependent photon wave function does not exist, in quantum optics the photon wave 
function is accepted rather widely To outline the way in which this concept 

can be introduced, let us consider the state vector for the electromagnetic field, given by an 
arbitrary superposition of one-photon states | 1^^) with definite values of the wave vector k 
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and polarization A 



(1) 



fcA 



where Uk = c\k\, = 71^271 /L with a = x,y,z; L is the normahzation length, and A = 1, 2 
is the polarization state of the photon. The state vector (Q) is conveniently normalized: 

i^^^'it) I ^^'\t)) = E I I'^Ejdk I I ' = 1, (2) 

fcA ^ 

where (7^^ = (L/27r)^/^ C^^. Here and below we use in parallel both discrete and continuous 
sets of wave vectors (in the normalization box and in free space, respectively) with the 
sums and integrals over wave vectors transformed from one to the other with the help of the 
relation = / dk. 

The expansion coefficients Cg^ in the superposition (^J) are interpreted naturally as the 
photon wave function in the momentum representation. The probability density to find 
(register) a photon with a momentum around hk is given by 



dw 



,3 X] ^kX 



(3) 



d{hk) h A 

In quantum electrodynamics the operators of the field vector potential and electric field- 
strength are given by 



^(r) 



fcA 



"kX ^ ^fc A ' 



fcA J 



and 



Sir 



l27rhujk 



fcA 



k I Jk-f 

kX^ ^kX 



"kX 



(4) 



(5) 



where ag^ and at are the photon annihilation and creation operators and e^^ are the 



fcA 



polarization vectors, er. ± k. The position-dependent density of the field energy is defined 



as 



df 



1 

Z3 



fcA 



(6) 



The total field energy of the state (|T)) is given by the integrated density of energy of Eq. © 



fcA 



a 



fcA 



J2 dk hujk 
X ■' 



a 



fcA 



(7) 



where, by definition, cJ is the mean photon frequency of the superposition (|T)). 

In general the position-dependent density of the field energy dEf /df can also be presented 
in the form 

' > = hu; ^p„(f,t) , (8) 



df 

where, following the Mandel-Wolf definition j2a|, ^ph{r, t) is the vectorial position-dependent 
one-photon photon wave function 

Owing to Eq. ((7j), the vectorial photon wave function Q is also normalized: 



dr 



^vh{r,t) =1. (10) 



It should be noted that the interpretation of ^^^(^5 of Eq. (0) as the position-dependent 
photon wave function is only partially satisfactory. By definition, this interpretation is 
good for the calculation of the average photon energy or frequency uj. But if we try to 
calculate with the help of \l/pft(r, t) the average values of other quantities, e.g., the average 
photon momentum hk, in general the result will be wrong because of the factor y^uJl in 
Eq. Q. However, there is a class of states for which this problem does not arise and the 
definition of the photon wave function is non-controversial. This is the case of narrow-band 
superpositions, for which the coefficients in are substantially non-zero only inside a 
narrow spectral range Ac^; 

\ujk — \ ~ Acu ^ oJ. (11) 

In this case the factor ^JuJk on the right-hand side of Eq. Q can be approximated by 
to give simpler expressions for the photon wave function 

1 

^3/2 



kX 

^dkY.C^kxHx^'^'-'-^''^- (12) 

A 



(27r)3/2 

In the case of spontaneous decay of atomic levels the spectral width of the emitted light Aa; 
is the same as the decay rate 7, which is always much less than the mean emitted frequency 
ID. So, for spontaneously emitted photon states the inequality (fTT| is always satisfied and 



the photon wave packet spectral width is relatively small. The Fourier transform ()12|) of the 
photon momentum wave function establishes then an effective photon wave packet width 
c/7 in coordinate space. 

Note that in speaking about the position-dependent photon wave function \E'pft(r, t) we 
assume that its squared absolute value determines the probability density of the photon 
registration by a detector located at the point r. Although below we will use the concept of 
the photon position vector fph, we will keep in mind that in fact this is the position of the 
photon detector. 



III. SPONTANEOUS EMISSION 



To specify the problem to be considered, let us assume that initially an atom is prepared 
in a pure excited P-state with zero projection of its angular momentum upon the 2;-axis. 
The preparation can be done, for example, with the help of excitation from the ground 
S'-state by a resonant laser vr-pulse with the linear polarization vector eo along the z axis. 
If the pulse duration of the exciting pulse is short compared to the life-time of the excited 
level, for spontaneous emission the process of excitation is practically instantaneous, and 
this reduces the problem of spontaneous emission to a solution of an initial-value problem 
with a suddenly turned-on interaction. 

Let the spontaneous emission of a photon arise from the atomic transition back to the 
same ground state \g) from which the atom was initially excited. Then, in the long-time 
limit t ^ 1/7, where 7 is the decay rate, all the atomic population returns to the ground 
state, and the two-particle atom-photon state vector takes the form 

I = E C,^, k it) exp + + t} I 9) I q)\ W , (13) 

where M is the total mass of the atom, q is its momentum, and k is the photon wave vector 
in a one-photon state 1 1^)- Now and henceforth in this paper we use a system of units with 
h = 1 and do not make any difference between momenta and wave vectors of particles or 
fields. 

Multiplied by (L/27r)3, the expansion coefficient ^ (t) can be considered as the atom- 
photon momentum-space wave function. It describes an entangled atom-photon state when 
it is not factorable in the variables q and k. Summation over photon polarizations in Eq. (fT^ 
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is unnecessary because for any given k the atom can only emit a photon with the polarization 
vector Cfc in the plane {k, eo} 

k'^eo- k{k- eo) . 
Cfc = — . ^ = . (14) 



by 



k^Jk^ - {k ■ eo)2 

he coefficients g (t) can be found in Weisskopf-Wigner approximation to be given 



_ ieZegUJoV2Ti B{q + k) siwdk , . 

S-.fc^ L3/2^ q^-iq + kf .7' ^ ^ 

2M ^ " 2 

where 2; is the intra-atomic electron z-coordinate, z^g is the matrix element of excited-ground 

state transition, and "dk is the angle between k and the intra-atomic electron 2;-axis. The 

function B{q) in Eq. ()15|1 is the initial atomic wave function in the momentum (wave vector) 

representation taken below in the Gaussian form 

so the corresponding initial atomic center-of-mass wave function in the coordinate represen- 
tation has a Gaussian form too 

where ao is here not the Bohr radius but the initial size of the atomic wave packet. Such 
a state of the center-of-mass motion can be created, for example with the help of a trap. 
We assume that at the same time t = when the trapped atom is excited and spontaneous 
emission begins, the field of the trap is switched off, and free spreading of the atomic center- 
of-mass wave packet begins. 

IV. THE ATOM-PHOTON WAVE FUNCTION 

In analogy with the definition of the photon wave function in Eq. Q, the position- 
dependent two-particle atom-photon vectorial wave function can be defined as 

1' ^) = II '^q, k (^) exp [i (q-Tat + k- fph) } exp | -i + Eg + uj,}j , 

(18) 

where fat and fph are, correspondingly, the atomic center-of-mass and photon position vec- 
tors, and Cfc is given by Eq. In accordance with the concluding remark of Section II, 



(fat, fph, 

q, k 



the terms of the "position vectors" are used conventionally. Rigorously, the interpretation 
of the two-particle atom-photon wave function is based on the assumption that its squared 
absolute value determines the probability density of registering atoms and photons by the 
corresponding detectors located at the points fat and fph- 

With C^^{t) and B{q) taken from Eqs. (|15|) and and with the integration variable 
q replaced by g — A; we can reduce Eq. fll8|) to the form 



{fat, fph, t) = 

X / /c^/^ dk exp 



3/2 -iE„t 



(27r)%3/4^ 
it 



exp 



q' , 



2M 



dflk Cfc sin 'dk 



it\ ^ ^ 

it 



exp [i{k ■ p — ckt) ~^ J^?' ^ 



q-k k"^ 

+ 



M 2M 



Uk-UJo + I- 



(19) 



where p = fph — fat and dVtk is a solid angle element in the direction of k. 

Analytical calculation of these integrals can be performed only approximately. As the first 
approximation let us put k ojo/cin all the terms of the integrand of Eq. (fTIHl proportional 
to k"^ and k ■ q. The precision of this approximation is determined by small parameters 
proportional to uoq/Mc^ ^ 1. The second key approximation can be referred to as the 
far zone approximation, which means that the distance p is assumed to be large enough, 
i.e., kp ^ 1. The validity of this condition follows already from our original assumptions 
t ^ 1/^ ^ 1/uj, which indicate immediately that at p ~ ct we have kp ^ ut ^ 1. In the 
far- zone approximation the main contribution to the integral over dQk is given by those k 
close to the direction of p. Owing to this assumption we put /i;||p everywhere in the integrand 
of Eq. (fT^ except in the factor exp(zp ■ k) = exp{ipkx), where x is the cosine of the angle 
between k and p. This is the only remaining function of x and it is easily integrated to 
give two terms, proportional to e^'''' and e"*^''. These two terms correspond to outgoing 
and incoming spherical waves and, owing to the far-zone assumption, the incoming wave 
gives an exponentially small contribution which can be dropped. Thus, the result after the 
integration over dQ^ is given by 



"^{fatyfphyt) 



e Zeg uJo%' e 



3/2 -iEgt-iuj^t/2Mc'^ 



(27r)%3/4y^ 

q^ f 2^^t\ 



ej- sin's r. 



exp 



+ iq- fat + 



it_ 9p^o 
M c 
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roo 

X dk 
Jo 



k^/'^ exp [i k{p — ct)] 



(20) 



where is the unit vector perpendicular to p and lying on the plane {cq, p}, '&p is the 
angle between cq and p, and qp is the projection of the vector q on the direction of p. 

Now, in accordance with the spirit of the Weisskopf-Wigner approximation, the integral 
over k is calculated by the residue method with the lower limit of integration extended to 
— oo and the integrand continued analytically into the complex plane k. Then we get 



X dq exp 



" ' e{ct - p) exp 



P / 

2 it 

, an H 

2 V ° M 



iq - R 



(21) 



where the symbol " ^ " 
variables are dropped and 



means that all the phase factors independent of the integration 



R = r^ 



at 



■ p = rat\^ 



■Tph. 



(22) 



C V c / c 

Integration over dq in Eq. ()21|) can be easily performed to give the following expression for 
the atom-photon wave function: 



3/2 



271 7r3/4 c2 

1 



p 



6{ct — p) exp 



X- 



(ao + it/Maof^ ""^^ \ 2 (ag + it/M) 

where Vrec = ujq/Mc is the atomic recoil velocity due to the emission of a photon with 
momentum ujq/c. The squared absolute joint wave function can then be written in the form 



(23) 



(24) 



Here '^rei{Pi t) is the relative motion wave function which depends only on the relative- 
motion position vector p = fp^ — fat- It takes the form of an entanglement-free photon wave 



function 



(0) 
ph 



2 37 sin^ -i?^ 



9{ct — |p|) exp 
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{\p\-ct) 



(25) 



On the other hand, although there is no center of mass, "^cmiRi t) can be recognized as 
an analog of the center-of-mass wave function of two massive particles in situations such 



9 




FIG. 1: (a) The wave packet of a photon spontaneously emitted by an infinitely massive atom 
(Eq. ((SSI)), ^'^d (b) the "center-of-mass" wave packet of a finite-mass ground-state atom (Eq. 



as photodissociation and photoionization [1^. In the case of atom-photon decay '^cmiR, t) 
has the form of an entanglement-free spreading atomic center-of-mass wave function "^^at ■ 
Together with the initial condition given by Eq. (fT7|) . it reads 

/ 1 \ 3 



exp 



\R\ 



\^/7Ta(t) J ^ \ 0?{t) 

where a{t) is the time-dependent width of the spreading atomic wave packet 



(26) 



1/2 



a{t) 



(27) 



We assume here that the atomic wave packet's spreading time t^pr ~ Moq is much longer 
than the atomic decay time 7"^. This is true if the initial size of the atomic wave packet 
is not too small: ao ^ I/V7M ~ 10 nm for 7 ~ 10^ sec~^ and M ~ lO^mg. Under this 
assumption the instant of time when the wave packet spreading begins can be identified 
with the time t = 0, at which the atom is excited and quickly freed from the trap, and at 
which the spontaneous emission process begins. 

The functions defined in Eqs. fl25|) and (j^UI) are plotted in Fig. ^a) and (b). They rep- 
resent wave packets respectively for a photon spontaneously emitted by a dot-like infinitely 
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-0.6 -0.4 -0.2 



FIG. 2: (Color online) The density plot of the one-dimensional analog of the total squared two- 
particle atom-photon wave function in Eq. (|2l|) in the upper-left quadrant. Here Xat and Xph denote 
the one-dimensional atom and photon coordinates. Parameters used are = h,Vrei/c = 0.1, and 
ca^l^ = 0.05. 



massive atom and for a finite-mass ground-state atom with a spreading center-of-mass wave 
function. Note that factorization of the total wave function \I/ into a product of the relative 
and "cm" parts is a rather general feature of the decaying bipartite systems. It has been 
found to occur in the treatment of photoionization and photodissociation as well as, in 
a wider sense, in spontaneous parametric down-conversion 0, Q, Q|. The product of 
the functions shown in Fig. ^represents the total wave function of Eq. ((221); ^'^'^ i'^ Fig. |21 
we show a one-dimensional analog as a density plot. As it should be, the total atom-photon 
wave packet given by Eq. (j2l|l is appropriately normalized: 



dr„t / dr. 



'ph 



dR / dp ^{R,p,t) 



1 . 



(28) 



V. ENTANGLEMENT 

As seen from Eqs. ()23|) and ()24|) . the atom-photon wave packet has the form of a product 
of two "proto-packets" given by Eqs. (|25|) and (|26p. related in this case to the wave packets 
of a photon and an atom considered as independent particles. However, the arguments of 
these proto-packets in the product in Eq. ()24|) are modified, or entangled, compared to 
those of the independent single-particle wave packets of Eqs. I^E^ and (pUj). Each of the 

I 2 I 2 /fTTTTT — * — * 

packets \'^rei\ and \'^cm\ in Eq- (|24|) depends on both variables fat and fph, so that in 
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these variables the total wave function '^{rph,rat,t) does not factorize. This is the reason 
for, and clear indication of, entanglement. It should be emphasized that the conditions for 
obtaining atom-photon entanglement are finite mass of the atom and finite size of its center- 
of-mass wave function. In the limits of M — oo and a 5-localized atomic wave function, the 
atom-photon wave function of Eq. (j24} factorizes, meaning that there is no entanglement 



The main features of atom-photon entanglement are very similar to those already de- 
scribed in photoionization and photodissociation Q]. The wave functions of fragments in 
these processes are given by products of the fragments' center-of-mass and relative-motion 
wave functions. Each of these proto-functions depends on the position vectors of both frag- 
ments, and this is the reason for entanglement. In the case of spontaneous emission, the 
photon does not have a mass, and the decay product's center of mass does not exist. Nev- 
ertheless, as shown above, it is possible to present the total atom-photon wave function 
in the form of a product of two proto-functions with arguments depending on both atom 
and photon coordinates, and this explains entanglement in atomic photoionization, molec- 
ular photodissociation, and spontaneous emission from identical positions. Moreover, in 
Eq. the argument of "^ph equals the difference of the photon and atomic position vec- 
tors fph — Tati which determines the same relative- motion coordinates as in photoionization 
and photodissociation. 

As for the argument of '^at in Eq- ()24j). we point out that its form is similar to the center- 
of-mass position vector of massive particles, with the mass ratio substituted by the ratio of 
velocities Vrec/c. Indeed, in the case of photoionization the center-of-mass position vector 
can be written as rem = "^^(1 — ^e/M) + fe{me/M) where and rg are the ion and electron 
position vectors, rrie is the electron mass, and M is the total mass of the system "electron" . 
By the substitutions rj Vat, "^e ^ph, and nie/M — > Vrec/c this expression reduces exactly 
to the argument of "^at in Eq- ()24|) . This makes the analogy between the electron-ion and 
atom-photon entanglement almost complete. 

Actually, in some sense the ratio of velocities is a more general concept than the ratio 
of masses. Indeed, in the case of photoionization the mass ratio can be presented in the 
form mg/mj = fj/fg, where Vi and are the magnitudes of the classical ion and electron 
velocities after the break up of an atom determined by the momentum conservation rule 




2 



(0) 



2 



(29) 
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rrieVe + 'miVi = 0. Moreover, many results of of this work and of Ref. [1J| are valid also for 



the process of downconversion 



12l | (see sections VII and IX below) with the velocity ratio 



substituted by one, because in this case the break-up fragments are two photons, and their 
velocities are equal. 



VI. POSITION-DEPENDENT ENTANGLED ATOMIC AND PHOTON WAVE 
PACKETS 

One of the main ideas being presented here and in our earlier works is the suggestion 

to use coincidence and single-particle measurements of wave packets of particles arising from 
decaying quantum systems for the analysis of particles' entanglement and its manifestations. 
By single-particle measurements we mean registration of one particle independent of the 
other, e.g., detection of its position regardless of the position of the other particle. With 
repeated observations of this kind, one can reconstruct the single-particle wave packet of the 
chosen particle. As usual, the coincidence scheme requires two detectors and registration of 
both particles. If the position of one detector is kept constant and the position of another 
detector is scanned, and if only joint signals from both detectors are taken into account, 
such measurements can be used to reconstruct the coincidence-scheme (i.e., conditional) 
wave packet of the particle whose detector is scanned. The coincidence and single-particle 
parameters of wave packets are indicated below by the superscripts and . Comparisons 
of the coincidence and single-particle widths of wave packets provide important information 
about entanglement and other correlation measures of quantum systems undergoing breakup. 

Mathematically, the coincidence and single-particle wave packets are determined by ap- 
propriate conditional and unconditional probability densities. In the case of spontaneous 
emission, for example, for photon wave packets we have 

dfph 

and 



J dfat\^{fph,r,ut)\\ (30) 



dw^plifph^t) ^ \-^{fph\fat; t)f ^^^^ 

dVph J dfph I ^ {fph, fat,t)f' 

where the second-place argument \fat means "at a given value of fat" ■ The same equations 
as ()30p and ()3H) with the substitution ph ^ at determine absolute (single) and conditional 
(coincidence) probability densities for atomic wave packets. In the following two subsections 
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we shall calculate and discuss the properties of the coincidence and single-particle widths of 
the photon and atomic wave packets. 



A. Coincidence-scheme wave packets 

As shown previously, the square of the joint atom-photon wave function in Eq. is 
given by a product of two proto-packets of Eqs. ()25|1 and (j26|l with entangled arguments. 
The photon proto-packet in Eq. (j24j) depends on the difference of variables, fph — Vat, and, 
as a function of this argument, it has width equal to c/7 (see Eq. f03|) and Fig. lU^a)). As 
the entangled argument of the photon proto-packet is simply a difference of variables, it is 
clear that the same width c/7 characterizes the photon proto-packet in its dependence on 
either fph or fph at a given value of the other variable. 

On the other hand, the entangled argument of the atomic proto-packet in Eq. ()24|1 is more 
complicated, approximately equal to fat + (vrec/c) fph- As seen from Eq. fOHjl and Fig. [^b), 
the width of the atomic proto-packet with respect to its entangled argument equals a{t) as 
given in Eq. ((27j). From here and from the form of the entangled argument of the atomic 
proto-packet we conclude immediately that its width with respect to fat at a given value of 
fph is a{t), is the same as that of the unentangled atomic wave function of Eq. ()26|) . whereas 
the width of the atomic proto-function in its dependence on fph. at a given value of fat is 
equal to a(t) x (c/vrec)- 

The widths of the two-particle wave packet of Eq. in its dependence on either fph 
at a given fat or on fat at a given fph can be envisioned by reference to Fig. |^ or to the 
generic plot in Fig. El Qualitatively, the widths are the minima of the corresponding widths 
of the proto-packets in their product in Eq. (j21I), which gives the following expressions for 
the coincidence (conditional) widths of the photon and atomic wave packets 



Arg(t) . Ar,. ~ min |^ , ^-j a(i)| , (32) 

and 

Ari? (t) = Arat . ^ min | - , a(t) | . (33) 

rph=const I 7 J 

These minima are conveniently expressed by introducing a control parameter analogous to 



c 



those used in previous works jS, 



14|: 



,(t) = I^. (34) 
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FIG. 3: The density plot of the one-dimensional Gaussian model to the total squared two-particle 
atom-photon wave function in Eq. 1)24(1 . with Xat and Xph denoting the one-dimensional atom and 
photon coordinates. Here A = c/^ gives the width of the relative proto-packet |^'re/P in Eq. (|25|1 
and a{t) is the width of the CM proto-packet |^cmP in Eq. ()26|) . The coincidence width Ax^'J^ and 
the single width Ax^'^^ of the atom are given by b and B respectively, and B' is the single-particle 

is) 

width AXp^ of the photon. 

and in terms of rjit) they take the forms 

Ar£'M~^ , . and Ar<?W ~ (35) 

Two notes to be made in connection with these and later definitions of the wave packet 
widths concerns the precision of such formulas. First, the rigorously defined variances can 
depend on the shape of the wave packets. Second, in principle, the coincidence widths of 
the wave packets can depend on the values of the fixed variables, e.g., Ar^^^ can depend on 
Tat, etc. For these reasons Eqs. (jH^ . (jHHj) . and similar ones should be understood as 
giving estimates of widths maximised with respect to the fixed variables and with undefined 
coefficients of the order of one in front of expressions on the right-hand sides. In a model 
of two ID Gaussian entangled wave packets, as demonstrated in Fig. |2l the relations (|35p 
become exact, and the symbol " ~ " can be replaced by " = ". 

As discussed above, c/7 and a{t) can be considered as the natural photonic and atomic 
wave packet widths found under the most often used assumptions: in the approximations of 
an infinitely heavy atom with the 5- localized center-of-mass wave function for photonic wave 
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packet, and in the case of a finite- mass non-excited and non-emitting atom for its spreading 
center-of-mass wave function. Any deviations from these natural widths can be considered as 
manifestations of entanglement in the two-particle system. To characterize these deviations, 
which are discussed below, it is convenient to introduce relative dimensionless widths 



^^S it) = -Sr^ - ^^=^^==^ (36) 

and 



Sr^it) = - (37) 

ait) ^i + W) 

The "natural" values of these relative widths in a system without any entanglement are 
equal to one. 



B. Single- particle wave packet widths 

In accordance with the definition of Eq. (jHUj) the single-particle wave packets are related to 
the integrated squared absolute value of the two-particle wave function. There are two ways 
of performing the integrations over Tat or r.ph analytically. First, we can model the photon 
proto-packet in Eq. (j25|) by a Gaussian one. Then Eq. (j24j) takes the form of a product of 
two Gaussian packets with entangled variables and integration is carried out easily. We will 
use this method below in an analysis of the momentum-space wave packet. Here we will 
use another approach based on the consideration of two opposite cases, when one of two 
proto-packets in the product on the right-hand side of Eq. ()24|) is much narrower than the 
other one. Then the integrations can be carried out approximately, and the approximate 
expressions for the integrated absolute single-particle probability densities can be used for 
evaluation of the single-particle widths of wave packets. 

In the case of a photon single-particle wave packet the squared absolute value of the two- 
particle wave function must be integrated over Tat- Because of the forms of the entangled 
arguments of the atomic and photon proto-packets, in the case of integration over fat the 
limits of relatively narrow and wide atomic proto-packets are separated by the conditions 
of small and large values of the control parameter ri{t) as defined in Eq. (j34j) . With these 
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conditions being used, the result of the integration takes the form 



dr. 



ph 



dr, 



at 



■^{raurph:t) ={ (38) 



'^rei{rph)\\ r/(t)<l, 



where '^rei and \l/cm are given by Eqs. and (pUj) . but the arguments of both functions in 
this case are identical and equal to Tph- The width of the single-particle photon wave packet 
(IHSj) can be evaluated as 



ArW(t)~max<j^, a{t)\ ^ ^ ^ I + ^\t) . (39) 



To describe the single-particle atomic wave packet, we must integrate Eq. (|24p over fp^ 
(instead of Tat)- In this case, the regions of relatively narrow and wide atomic proto-packets 
are separated by the conditions that the control parameter 77 (t) is either small or large 
compared to Vrec/ c rather than compared to one. This difference with the case of integration 
over Tat is related again to the form of the entangled argument of the atomic proto-packet 
in Eq. ()24|1 discussed previously. The result of integration over Tph is given by 



dvph 



|^cm(rai)|^ , V{t) > Vrec/c 



dfat 

The width of this wave packet is evaluated as 



Ary(t) ~max| — , a(t)| a{t) ^ — . (41) 

In analogy with Eqs. (jHUj) and ()37|) we can introduce the single-particle relative widths 
of the photon and atomic wave packets 



SrS{t) = ^^-^l + Vm (42) 

and 



= ^) W) — • ^ ^ 

By comparing these results with those of Eqs. and (pTfjl we find the following group of 
fundamental reciprocity relations between the photon vs. atomic, and coincidence vs. single- 
particle, relative wave packet widths: 

— and Sr'fi^(t) ~ — j-r 



Srl:ht)r^^-^ and ^r^^iW ~ (44) 
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FIG. 4: Coincidence (solid lines) and single-particle (dashed lines) relative widths of (a) photon 
and (b) atomic wave packets in the coordinate representation. We have used Vrec/c = 10"*^. 

Eqs. ()44|) show that it is possible to find the coincidence (conditional) wave packet widths 
without using the coincidence-scheme measurements. It is sufficient to measure both single- 
particle widths 5r^pl and 6r\^i ^ and then the coincidence widths can be found directly from 
Eqs. (j44j) without any further measurements. More explicitly, we can rewrite Eqs. (j44|) into 
Ar^i^Arp^^ ~ Arp^^Ar^^-* ~ a(t)(c/7). Note that ri{t) = a(t)/(c/7) is essentially the aspect 
ratio of the wave packet's — Tat distribution. This definition is rather general: it is valid 
also for the momentum widths considered below in Section VIII, as well as for any other 
pairs of particles. 

C. Entanglement-induced anomalous narrowing and broadening of wave packets 

The coincidence and single-particle relative widths of photon wave packets in the coor- 
dinate representation are plotted altogether in Fig. |3] in their dependence on the control 
parameter ri{t). The same curves describe atomic and photon wave packets in the momen- 
tum representation, as mentioned below near the end of Section VIII. The curves of Fig. 4 
show that there are two regions of small and large values of the parameter 77 (t) where either 
Sri") ^ 1 or 5r(") > 1. These are the regions of entanglement-induced narrowing of the 
coincidence and broadening of the single-particle wave packets. As is seen from comparison 
of Figs. 4(a) and 4(b), for photon and atomic wave packets the regions of narrowing and 
broadening are oppositely located. 
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As an example, let us discuss the physics of these phenomena by using the photon wave 
packet widths as shown in Fig. Ufa). In this case the entanglement-induced narrowing 
for the coincidence photon wave packet occurs for t] < Vrec/c <^ 1. Qualitatively this 
effect can be explained by combining the Doppler effect with the Heisenberg uncertainty 
relation . According to the latter, the size a(t) of the atomic wave function corresponds 
to the velocity uncertainty of the atomic center of mass Av = 1/Ma{t). Owing to the 
Doppler effect this gives rise to broadening of the spectrum of emitted photons up to the 
width 6uj = kAv = UQ/Mca{t) = Vrec/O'if)- If vi'^) < Vrec/c, this broadening exceeds the 
natural spectral width of the emitted light, i.e., 6uj > 7. As the photons of all frequencies 
are emitted coherently, integration over u in the interval 6uj shortens the effective emission 
time and spatial size of the emitted photon wave packet down to t^ff = l/Suj = a{t)/vrec 
and Avph = cteff = {c/'j){cr]{t)/vrec)- They are respectively much smaller than 7"^ and 
c/7 if ri{t) <^ Vrec/c. It should be emphasized that the entanglement-induced wave-packet 
narrowing can be observed only in the coincidence scheme of measurements. Fig. IH^a) 
shows that under the same condition when dr^pl < 1 (at ri{t) <^ Vrec/c or, more specifically, 
ln{ri(t)} ^ —18) the relative width of the single-particle photon wave packet (the dashed 
line) remains equal to one, which corresponds to Ar^jj^ = c/7. 

The relation between the coincidence and single particle widths can also be illustrated 
by the depiction in Fig. Efa). The exponential curve with a sharp edge corresponds to the 
photon proto-packet 1^^^ (^p/i — ^ai)P given by Eq. p5|l in its dependence on fph. The dotted 
line is the initial atomic wave packet |\E'^j^(raf)p. Two Gaussian solid-line curves describe 
the atomic proto-packet |\&ij'*(-R)P of Eq. at t 7^ in its dependence on fat at a given 
fph (the left curve) and on fph at a given fat (the right curve). Relative locations of peaks 
of these two Gaussian curves are determined by the condition R = 0, where R is defined 
by Eq. (j^^) as the argument of the atomic proto-packet (j2Sl)- The total two-particle wave 
function "^{fph, fat, t) of Eq. differs from zero only if the r^/j- dependent exponential and 
Gaussian curves overlap with each other. The conditions of their overlapping are illustrated 
in Fig. Efb). In this picture the left shaded area indicates a zone for the atomic detector to 
be installed. In this case the rp/i-dependent Gaussian function overlaps with the exponential 
one and under the condition 77 < Vrec/c the first of these two curves is narrower than the 
second one. The total wave packet, equal to the product of the Gaussian and exponential 
functions, has the width of the narrower one, i.e., of the Gaussian function, and this width is 



19 



(a) 




c/7 



rph 



VreJ 



Atom 
detector 



(b) 



Photon 
detector 




y//////A 




\ 

) \ 

Vrec{t - a{t)/2c - 1/7) 




Vrec{t + a{t)/2c) 



{C-Vrec){t - 1/7) 



FIG. 5: (a) Entanglement-induced narrowing of the photon wave packet to be measured in the 
coincidence scheme and (b) the regions where the atom and photon detectors have to be installed. 

smaller than than c/7. However, if we change the atomic detector position, the position of 
the maximum of the Gaussian curve changes also. The summation of all contributions from 
various positions of the atomic detector corresponds to the transition from coincidence to 
single-particle measurements and returns us to the wide exponential curve with the width 
c/7. 

The second new effect illustrated by Figs.|3]and|niis the entanglement-induced broadening 
of the single-particle photon wave packet at large values of the control parameter, 77 (t) > 1. 
Actually, the meaning of the st Fig. IHlis practically the same as that of Fig. Efa). However, 
the main difference is that the atomic wave packet is taken very wide now. The dotted 
line describes the initial atomic wave packet. Big dots indicate possible positions of the 
atomic detector. At any given position of the atomic detector the photon wave packet to be 
measured has an exponential form and the width c/7. However, when contributions from all 
positions of the atomic detector are summed together, this gives a wide Gaussian curve for 
the single-particle photon wave packet to be observed (the solid-line wide Gaussian curve at 
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FIG. 6: Entanglement-induced broadening of the photon wave packet. 

the right-hand side of the picture in Fig. The width of this wide photon wave packet is 
Ar^J = a{t). 

Note that the entanglement-induced broadening of the single-particle photon wave packet 
can occur even when the atomic mass M is taken infinitely large, if only the atomic center- 
of-mass wave packet is wide enough, a(t) > c/7 or ri{t) > 1. 



VII. QUANTIFICATION OF ENTANGLEMENT AND THE ii-PARAMETER 



! degree of pure-state two-particle entanglement, calculated 
fltayB.,s the S«„u.be.;. introduced 



A convenient measure of the degree of pure-state two-particle entanglement, calculated 
in a number of previous studies 



_ 1 _ 1 
where Pph and pat are the reduced density matrices 

Tr denotes trace with respect to either atomic or photon variables, and is given by 
Eq. ()13p. Note that K essentially counts the number of effective Schmidt modes in the 
Schmidt decomposition of \1/ [igj ]. 

On the other hand, by analogy with our earlier discussion of ionization and dissoci- 
ation Q|, we can also characterize the extent of the entanglement that can be seen in 
coincidence - single-particle measurements by the ratio R{t) of the single-particle to coin- 
cidence widths of the particles' wave packets. For spontaneous emission this parameter is 
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FIG. 7: The parameter R{t) vs. the control parameter rj(t). 



given by 



R{t) 



Ar 



is) 
at 



Ar 



at 



(47) 



r/(t) \ c J V 

The dependence of R{t) on the control parameter ri{t) is shown in Fig. [7| The parameter 
i? is large at both small and large values of the control parameter ri{t), i.e., just where the 
above- described entanglement- induced narrowing or broadening of wave packets occur. At 
intermediate values of r]{t), R ^ 1. 

Because the atomic center-of-mass wave packet spreads as time evolves, both ri[t) and 
R{t) change with time. When the atomic wave packet spreads, a(t) grows with time t 
whereas the width of the photon proto-function remains constant and equals c/7. For this 
reason, in the case of spontaneous emission the control parameter 77 (t) is always a growing 
function of t. This contrasts with the case of photoionization Q| in which, depending on the 
initial conditions, ri{t) can be either an increasing or a decreasing function. This difference 
finds its reflection in the time evolution of the parameter R{t). The direction of the time 
evolution of R{t) is shown by arrows in Fig. [7| (always to the right!), whereas the dots 
indicate two possible initial values of this parameter, Rq = R(t = 0), occurrin g irn mediately 
after the photon emission. In contrast to this, in the case of photoionization the time 
evolves either to the right (for Rq located at the left wing of the curve of Fig. Ej) or to the left 
(for Rq located at the right wing). The second difference between spontaneous emission and 
photoionization concerns the limiting value of i? as t — > 00. In the case of photoionization 
77(00) is finite and R(t 00) = Rq Q|. In the case of spontaneous emission, as the 
function ri{t) monotonously grows, the parameter R grows without limit: i?(?7(t)) 00. 
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These differences show that there is no complete identity between the cases of two massive 
particles and a massive plus a massless one. 

The relation between the parameter R and entanglement is dynamical and not direct. 
In the case of unentangled states R = 1, which means that deviations of R from unity are 
related to the entanglement. On the other hand, the parameter R depends on time, whereas 
in entangled states of non-interacting particles the degree of entanglement remains constan;. 
This can be seen clearly in calculations of the Schmidt number K = const 
On the other hand, by modelling the atomic proto-packet of Eq. ()25|) by the Gaussian 
expressions, in a way similar to that of Ref. we can show that Rq = K. This means 
that initially the parameter R coincides with the Schmidt number and shows explicitly the 
degree of entanglement of the two-particle state formed immediately after the decay. Later 
the parameter R evolves as described above owing to spreading of the atomic proto-function 
wave packet. If initially Rq> 1 and if at some time the parameter R{t) approaches one, the 
time region where R{t) ~ 1 can be referred to as the hidden-entanglement region In 
this case the Schmidt number K and the entanglement itself remain as high as that at t = 0, 
but the entanglement cannot be seen or measured via the comparison of single-particle and 
coincidence photon or atomic coordinate wave packet widths. 

Here we recall the remarks at the end of Sec. III. We see that by substituting Vrec/c with 
mg/mi, Eq. (jTTj) gives the R{t) of photoionization Q|. Now we also see that, by taking 
the limit Vrec/c — * 1, Eq. (jTfjl is reduced to that describing the Schmidt number K for the 
process of ID down-conversion (in the two-dimensional case the down-conversion K 
equals the square of the one-dimensional K). 



VIII. WAVE PACKETS IN THE MOMENTUM REPRESENTATION 



The widths of photon and atomic wave packets in the momentum representation is deter- 
mined by the two-particle atom-photon momentum wave function determined by Eqs. (fTBj) 
and (dSl). 
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For analytical calculations it's convenient to substitute the Lorentzian factor by a Gaussian 
one 



> . 



(49) 

By assuming that the vectors q and k are parallel to each other and to the observation 
direction, we can find easily from Eq. (jl^ both coincidence and single-particle atomic and 
photon wave packet widths in the momentum representation: 

2 \ -1/2 

re 



Ag^ ^ ~ mm <j — , — ~ — ( — + % 



Ag(^) ~ maxjl, ^1 ~ -^1+^, (50) 
I ao c J ao 



. ao c J ao 

where r/o is the value of the parameter 77 (t) defined in Eq. at t = 0, 



c 
and 

1 7] 7/c 



r7o = ry(t = 0) = ^, (51) 



~ mm 



In contrast to the coordinate wave packet widths the momentum wave packet widths are 
independent of time. By introducing the relative momentum wave packet widths (both 
coincidence and single-particle) 

Sq=^, Sk=^, (53) 
ao 7/c 

we find a second group of reciprocity relations 

5k^-) ~ and ~ (54) 

By comparing directly the expressions ()5Up and ()52j) for the momentum wave packet widths 
with Eqs. (I36|) . (j37|) . (j42|) . and (j43p for the coordinate widths, we find the following series of 
identities: 

5g(^)~<5rg(t = 0), 5g(^)~5r(J(t = 0), 

~ (5ri?(t = 0), and Sk^'^^ ~ (5rif (t = 0). (55) 
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Because of these identity relations the dependencies of the momentum widths on 770 coincide 
with the dependencies on r]{t) of the corresponding coordinate widths. With this under- 
standing, the reader will be able to see that Fig. [^remains just the same in the momentum 
representation, after appropriate replacement of the coordinate variances with momentum 
variances, and rj replaced with rjo as horizontal axis label. 

Again, as in the case of position-dependent wave packets, Eqs. can be used for finding 
the coincidence (conditional) momentum-space wave packet widths Ak^^^ and Aq^^^ from the 
single-particle widths Ak^^^ and Aq^^\ without any coincidence-scheme measurements. 



IX. ENTANGLEMENT AND UNCERTAINTY RELATIONS 

From the identities ()55|) and reciprocity relations and fl54j) . combined with the explicit 
definitions of the parameter R{t) in Eq. (P7j) and the wave packet widths in Eqs. 
flH9|l ■ and ()52|1 . we can find easily the following relation between the entanglement 

parameter K = R[t = 0) and the widths products 



K = R{t = 0) = Xo + -(— )'x Jr/o + - 
V r]o \ c J V ^70 

~ ArJ,J(0) X AA;(^) ~ Arit^(O) x Aq^'^ 



ph ' 

>1. (56) 



Arl'>{0) X AA;W Arlj'(O) x Ag(^) 
The uncertainty relations following from these equations are 

AriJ(O) X AA;(^) ^ K > 1, Ari^)(0) x Ag(^) ^K>1 (57) 

and 

1 ~ Ar^;l{0) X AA;(^) < 1, 1 ~ Arif (0) x Ag^ < 1. (58) 

Inequalities ()57|) represent the well-known Heisenberg uncertainty relations for single-particle 
measurements of any particle's coordinate and momentum, while inequalities ()58|) establish 
quite different relations between the particle's conditional coordinate and momentum uncer- 
tainties. These uncertainty relations restrict the products of such uncertainties from above: 
the uncertainty products are equal to (on the order of) the inverse degree of entanglement 
1/K, and they cannot be larger than one. With a growing degree of entanglement the prod- 
ucts of the conditional uncertainties fall. On the other hand, Eqs. (fS7j) show that the values 
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of the usual single-particle uncertainty products are equal to the degree of entanglement K. 
These products grow with a growing and they turn to unity only in the non-entangled 
states where K = 1. 

Of course, these conclusions do not contradict the usual Heisenberg inequalities because 
the coincidence coordinate and momentum wave packet widths are assumed to be found un- 
der different conditions. With these conditions specified explicitly, the uncertainty relations 
(j3H|) can be written as 

Nevertheless, inequalities fl59|) determine a kind of law of nature which, as far as we know, 
has never been explicitly formulated. Examples of very small values of the coincidence 
uncertainty coordinate and momentum products have been presented in Refs. P, Q] and 
experimental observations have begun to be reported What is new in the present 

derivation is a rather general form of the relationship between the value of the uncertainty 
products and the degree of entanglement. 

In some sense the conditional uncertainty relations (j3Hj) are in concord with the well- 
known (often termed paradoxical) prediction by Einstein, Podolsky, and Rosen [2^. Indeed, 
as it was shown in j23|, in entangled decaying bipartite systems momentum or coordinates 
of one particle can be measured more precisely than permitted by the Heisenberg uncer- 
tainty relation if prior to this appropriate measurements are done exclusively with the other 
particle. But, of course, in such a formulation there is a rather well pronounced difference 
with our approach. The conditional uncertainty relations are based on the idea of co- 
incidence measurements, i.e., simultaneous and joint measurements to be made with both 
particles. 

Eqs. and are derived at t = 0, and they are valid as long as the atomic wave 
packet does not significantly spread. It is interesting to check how do the derived relations 
change at longer t or, in other words, whether the wave packet spreading modifies or violates 
the uncertainty relations ()58p and ()59|). The general answer is no, there is no violation of the 
time-dependent coincidence uncertainty relations arising from the wave packet spreading. To 
show this we have to use explicit expressions for the time-dependent widths of the coordinate 



wave packets Ar2(t) and Arit^(t) given in Eqs. (j32j) and (j33|) together with Eqs. (j52p 
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and (j5(jp for Afc^'^^'^*) and Ak^'^^'^'^\ The results have the form 



r/2(t) + 1 



(60) 



and 



Ari?(t) X Ag(^) ~ , x ^ (61) 

As r7(i(:) > ?7o, Eqs. (l60|) and (j6T| show clearly that, indeed, the conditional uncertainty 
relations remain valid at any t, 

Ar(J(t) X AA;(^) < 1, Arl?(t) x Ag(^) < 1. (62) 

But Eqs. fl6()|l and 1)6111 indicate also some difference between the coincidence uncertainty 
products for atoms and photons in their dependence on time t. If the photon uncertainty 
coincidence product (jUUI) monotonously grows with a growing t, though remaining smaller 
than one, the atomic coincidence uncertainty product ()6ip monotonously falls approaching 
zero at very large values of ?7(t). This asymmetry is related to the zero photon mass and 
non-zero mass of an atom, which results in spreading atomic and non-spreading photon 
proto-functions (given, correspondingly by Eqs. (^Hjl and 

What is destroyed by spreading is a direct connection between conditional uncertainty 
products and the Schmidt number K, a.t t = given by Eq. ()58|). As K = const and the 
photon conditional uncertainty product (jUUI) is a growing function of t, owing to spreading 
this product becomes larger than 1/K. On the other hand, the last form of Eq. ()6U|) 
shows that this product is also larger than 1/R{t). Hence, at t 7^ the photon conditional 
uncertainty product appears to be restricted from both above and below 



max 



As for the atomic conditional uncertainty product, as it falls with a growing t, owing to 
spreading it becomes even smaller than 1/K, and this restricts this product from above 
even stronger than without spreading (see Eq. (jHS)) 

Ari?(t) X Ag(^) < ^ < 1- (64) 
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X. EXPERIMENT 

Concerning related experiments, note first the two recent works |13l . |29[ on investigation 
of entanglement in the process of spontaneous parametric downconversion. We did not 
consider down-conversion in this paper at all. On the other hand, many results presented 
above are general enough to be valid for any pairs of particles. Definitely, one of such results 
is the relation between the degree of entanglement and the value of the product of coordinate 
and momentum conditional uncertainties (j^Hj) . In the experiment [29| this product was 
found to be about 0.2 which is clearly less than one. This result agrees with Eqs. (j^Hj) 
derived above, though the relation between the conditional uncertainty product and the 
Schmidt number K or the wave packet width ratio R were not checked experimentally. We 
think that such an additional experimental investigation would be very interesting. 

As for experiments specifically on entanglement in spontaneous emission of a photon, the 
most closely related work is that by Kurtsiefer, et al. js^. In this experiment the atomic 
momentum wave packet arising after spontaneous emission of a photon was measured in the 
coincidence and single-particle schemes of measurements. The coincidence width was shown 
to be smaller than the single-particle one. But this is not yet a direct confirmation of our 
predictions. As shown above, at small values of the control parameter 77 the coincidence 
(conditional) width of the atomic momentum wave packet Ag^^^^ falls below its natural value 
Oq ^ equal to the same width for a non-emitting ground-state atom (Fig. Efa)). To see this 
one has to provide conditions under which rj < Vrec/c. Probably this requirement was not 
fulfilled in the experiment js^ and for this reason the observed coincidence wave packet width 
remained larger than a^^. This quick analysis shows that, first, observation of entanglement 
effects in atomic spontaneous emission is possible and, second, to observe these effects the 
experiment has to be further refined. 



XI. CONCLUSION 



To summarize, the relationship between atom-photon wave packet structures and entan- 
glement in spontaneous emission has been analyzed. Finite atomic mass and finite initial 
size of the atomic center-of-mass wave function were taken into account. Two new effects 
reported were anomalous narrowing and anomalous broadening of the coordinate atomic 
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and photon wave packets as observed in the coincidence and single-particle schemes of mea- 
surements. Atomic and photon wave packets were investigated both in the coordinate and 
momentum representations and a series of symmetry relations for their widths were estab- 
lished. These relations and the definition of the parameters characterizing the degree of 
entanglement were used to establish that (a) the product of single-particle coordinate and 
momentum uncertainties is equal (or is of the order of) the Schmidt number K and (b) the 
product of coincidence (conditional) coordinate and momentum uncertainties is equal or is 
of the order of the inverse Schmidt number, \/K. The second of these two results shows 
that the coincidence coordinate and momentum uncertainty product is always less than one, 
and this is in the spirit of the conclusion reached by EPR in their famous discussion. 
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